In this paper we study coupled nonidentical Lorenz equations with three different boundary conditions. Coupling rules and boundary conditions play essential roles in the qualitative analysis of solutions of coupled systems. By using Lyapunov stability theory, a sufficient condition is obtained for the global stability of trivial equilibrium of coupled system with Dirichlet condition. Then we restrict our attention on the dynamics of coupled nonidentical Lorenz equations with Neumann/periodic boundary condition and prove that the asymptotic synchronization occurs provided the coupling strengths are sufficiently large. That is, the difference between any two components of solution is bounded by the quantity O(ε/ max{c 1 , c 2 , c 3 }) as t → ∞, where ε is the maximal deviation of parameters of nonidentical Lorenz equations, and c 1 , c 2 and c 3 are the specified coupling strengths.
Introduction
Synchronization of coupled chaotic systems has received considerable attention recently. Relevant examples of synchronization are coupled chaotic oscillators [Afraimovich et al., 1997; Afraimovich & Lin, 1998; Chiu et al., 1998; Ermentrout, 1985; Fujisaka & Yamada, 1983; Hale, 1997; Heagy et al., 1994; Mirollo & Strogatz, 1990] and coupled chaotic circuits [Chua et al., 1993; Goldsztein & Strogatz, 1995] . A typical study of synchronization is the coupled identical chaotic systems. This sort of synchronization was studied by Heagy et al. [1994] . In this considering systems, synchronization appears as a similar behavior of the corresponding variables of the uncoupled subsystems as they evolve in time. In practice, the systems exhibiting identical behaviors are difficult to convert into practical applications because we can never construct two absolutely identical real physical systems. Therefore, synchronization of coupled identical systems has limitation in applications. For this reason, the focus of this paper is on the asymptotic synchronization of coupled nonidentical chaotic systems, where the parameters in the uncoupled subsystems are not required to be equivalent but still close enough. For a rigorous description of the asymptotic synchronization, we refer to [Afraimovich et al., 1997; Hale, 1997] . In the case of coupled nonidentical chaotic systems, the diagonal of the phase space is not an invariant set but become a rather complicated geometrical object that the attractor approach the diagonal as the asymptotic synchronization occurs.
By the notion of asymptotic synchronization introduced in [Afraimovich et al., 1997] , this paper is devoted to analyze asymptotically synchronized behavior of an n × n squared lattice with coupled nonidentical Lorenz equations. For convenience, we designate a point (i 1 , i 2 ) on a 2-D lattice in a 1-D order by
Any vector in R n 2 of the form
The dynamics at each node (i 1 , i 2 ) ↔ ν ≡ i 1 + n(i 2 − 1) in the squared lattice is represented by
where the parameters σ ν , γ ν and b ν are all positive, and the coupling strength c 1 , c 2 and c 3 are non-negative. The vectors x, y and z here are in R n 2 with components x ν , y ν and z ν , respectively. The operator ∆ is the discretized Laplacian operator given by
This type of coupling corresponds to the symmetric nearest neighbor coupling on a 2-D lattice. On the boundary of lattice we impose three various boundary conditions.
(1) Dirichlet boundary conditions:
The operator ∆ ≡ ∆ D with Dirichlet boundary condition is a matrix of the form
where the symbol ⊗ denotes the Kronecker product [Alexander, 1981] . It is well-known that the operator ∆ D is self-adjoint with mutually orthogonal eigenvectors and λ M = max{λ ν } ≡ −8 sin 2 (π/ 2(n + 1)) < 0, for all λ ν ∈ σ (∆ D ). Here σ (∆ D ) denotes the spectrum of the matrix ∆ D .
(2) Neumann boundary conditions:
The operator ∆ ≡ ∆ N with Neumann boundary condition is a matrix of the form
The matrix ∆ N has a simple zero eigenvalue associated with eigenvector e ≡ [1, 1, . . . , 1] T ∈ R n 2 , and
(3) Periodic boundary conditions:
The operator ∆ ≡ ∆ P with periodic boundary condition is a matrix of the form
In this case, the matrix ∆ P has a simple zero eigenvalue associated with eigenvector e = [1, 1, . . . , 1] T ∈ R n 2 , and λ M = max{λ ν = 0|λ ν ∈ σ(∆ P )} ≡ −8 sin 2 π n . From classical definition [Pecora & Carroll, 1990 ] the coupled system of (1) is said to be synchronized if the difference between any two components of solutions (x(t), y(t), z(t)) approaches zero as t → ∞. Of course, if the system is synchronized, the attractor of (1) must lie on the spatially homogeneous diagonal and this can happen only if all subsystems are identical, i.e. the parameters σ ν , γ ν and b ν in (1) are all equal. If each subsystem in (1) is nonidentical, then it is impossible to obtain synchronization in the above sense. In this case, we introduce a parameter ε which characterizes the variation of uncoupled subsystems and assume that
for all 1 ≤ µ, ν ≤ n 2 . The coupled system (1) may possibly be asymptotically synchronized [Hale, 1997] . That is, the difference between any two components of solutions (x(t), y(t), z(t)) is bounded by the quantity O(ε/ max{c 1 , c 2 , c 3 }) as t → ∞. Consequently, the attractor of (1) approaches to the spatially homogeneous diagonal as the coupling strengths become infinity and the variation ε tends to zero.
This paper is devoted to analyze the asymptotic synchronization behavior of coupled nonidentical Lorenz equations of (1) with Neumann and periodic boundary conditions, respectively. We first show that the coupled system (1) has pointwise dissipativeness property [Afraimovich et al., 1997; Hale, 1988] . A system is said to be pointwise dissipative if there is a bounded set B so that for any solution U (t, q 0 ) through q 0 at t = t 0 , there is a time t 1 ≡ t 1 (q 0 , B) such that U (t, q 0 ) ∈ B, for t ≥ t 1 . For the coupled system (1) we can construct a specific Lyapunov function to establish the pointwise dissipativeness property, which is one of the reasons that we restrict ourselves to the study of coupled Lorenz equations. Another reason is that the occurrence of chaotic behavior is over a wide range of parameters [Sparrow, 1982] . Our main theorem asserts that the coupled system (1) with Neumann or periodic boundary condition is asymptotic synchronized under the assumption (2) whenever the coupling strengths are sufficiently large. We prove that the differences of any two components of (x(t), y(t), z(t)) satisfy lim sup
provided c 1 , c 2 and c 3 are sufficiently large. Note that the full coupling in x-, y-and z-states in (1) (i.e. c 1 , c 2 , c 3 > 0) is essential to establish the asymptotically synchronized regimes for nonidentical subsystems. In our numerical experience (Sec. 5 below), we observe that if any one of the coupling strengths, say c 3 , is chosen to be zero, then the asymptotically synchronized behavior as in (3):
According to this observation, in this paper we only consider the full state coupling as in (1). The rest of this paper is organized as follows. Section 2 begins with results on the stability for the coupled system (1) with Dirichlet boundary condition. A sufficient condition is obtained for the global stability of trivial equilibrium. In Sec. 3 we study the pointwise dissipativeness of the coupled system (1) with Neumann/periodic boundary condition. In Sec. 4 we prove the asymptotic synchronization for the coupled nonidentical subsystems as in (1) with Neumann/periodic boundary condition. In Sec. 5 we show some numerical results to illustrate the asymptotically synchronized behavior of (1). A concluding remark is contained in the last section.
Globally Asymptotic Behavior with Dirichlet Condition
The coupled system (1) with Dirichlet boundary condition can be regarded as 1-D vector equations with the individual dynamical system on the νth position
In this section we shall prove globally asymptotic behavior of the coupled system (4) with Dirichlet boundary condition. Define
Theorem 2.1 Let (x(t), y(t), z(t)) be the solution of the coupled system (4) with Dirichlet boundary condition. If
then lim t→∞ (x(t), y(t), z(t)) = (0, 0, 0).
Proof. Construct the Lyapunov function
where 1 ≤ ν ≤ n 2 . The derivative of V along the trajectory of the coupled system (4) iṡ
Let {h ν |ν = 1, 2, . . . , n 2 } be the mutually orthonormal eigenvectors, respectively, corresponding
Then it is easily shown that
From (6) and (7) and after some calculation, we havė
From the assumption (5)
follows thatV < 0. This completes the proof of Theorem 2.1. 
then lim t→∞ (x(t), y(t), z(t)) = (0, 0, 0). Corollary 2.3. As in (5) of Theorem 2.1 if c 1 = c 3 = 0 and c 2 satisfies
Since λ 0 is negative, the condition (5) is easy to satisfy, provided the coupling strengths c 1 and c 2 in (4) are chosen sufficiently large. Note that the globally asymptotic behavior for (4) holds depending only on c 1 and c 2 without c 3 .
Pointwise Dissipativeness
In this section we shall prove the pointwise dissipativeness property [Afraimovich et al., 1997; Hale, 1988] for the coupled system (1) with Neumann/periodic boundary condition. Let U (t, (x 0 , y 0 , z 0 )) be a solution of system (1) through (x 0 , y 0 , z 0 ) at t = t 0 . As in Sec. 1 the coupled system (1) is said to be pointwise dissipative if there is a bounded set B ⊆ R 3n 2 such that for any point (x 0 , y 0 , z 0 ) ⊆ R 3n 2 there is a time t 1 ≡ t 1 (c 1 , c 2 , c 3 , x 0 , y 0 , z 0 , B) so that U (t, (x 0 , y 0 , z 0 )) ∈ B for t ≥ t 1 . Recall that a parameter ε which characterizes the variation of the uncoupled subsystems in (1) satisfying
Theorem 3.1. If ε 2 − σ 0 < 0, where σ 0 = min ν {σ ν } , then the coupled system (1) with Neumann/periodic boundary condition is pointwise dissipative.
Proof. Construct the following Lyapunov function
The derivative of V along the trajectory of the coupled system (1) becomeṡ
From definition of ∆ ≡ ∆ N or ∆ P in Sec. 1 it is easily shown that
From (10) the last term in (9) becomes zero. From the variation inequalities (8) we have
where θ is chosen by assumption satisfying ε 2 < θ < σ 0 . Since
Let M be a positive constant satisfying
and let D be the set defined by
This shows thatV < 0 for all (x, y, z) ∈ D. Given any K > 0, define
Choose K 0 sufficiently large, such that
ThenV < 0, for all (x, y, z) ∈ R 3n 2 \V K 0 . Therefore, any solution of the coupled system (1) starting with (x 0 , y 0 , z 0 ) will eventually enter and stay in the bounded region V K 0 . This completes the proof of Theorem 3.1.
Note that the time t 1 ≡ t 1 (c 1 , c 2 , c 3 , x 0 , y 0 , z 0 , V k 0 ) at which the trajectory (x(t), y(t), z(t)), t ≥ t 1 enters and stays in V k 0 , is dependent pointwisely on the initial point (x 0 , y 0 , z 0 ). An uniformly bounded dissipativeness cannot be obtained here.
Asymptotic Synchronization
In this section, we shall prove the asymptotic synchronization of the coupled system (1) with Neumann/periodic boundary condition. Let ε be the variation constant given in (8). Define the unbounded region for coupling strengths in parameter space by
Theorem 4.1. Let (x(t), y(t), z(t)) be a solution of the coupled system (1) with Neumann/periodic boundary condition. Denote
ν=1 and z(t) = [z ν (t)] n 2 ν=1 . Then there are positive constants M * and c * such that for any
Proof. Introduce the constants
for 1 ≤ ν ≤ n 2 . Then the equations in (1) can be reformulated in the forms
where ∆ ≡ ∆ N or ∆ P . Rewrite the system (12) into the vector form
where (f (x, z)) ν = x ν z ν , (g(x, y)) ν = x ν y ν and δ i = [δ νi |ν = 1, 2, . . . , n 2 ] for i = 1, 2, 3. For Neumann/periodic boundary condition, the matrix ∆ as in (13) has a simple zero eigenvalue associated with the eigenvector e = [1, 1, . . . , 1] T ∈ R n 2 ×1 . Let
It is easy to check
where∆ is diagonalizable with λ 0 ≡ max{λ ν |λ ν ∈ σ(∆)} < 0. Multiplying the matrix E to the system (13) from the left, we get
We now introduce transformations with new variables ξ, ξ s , η, η s , ζ and ζ s such that
(15) where ξ s , η s and ζ s are scalars satisfying
The variables ξ, η and ζ are vectors in R (n 2 −1)×1 satisfying
for ν = 1, 2, . . . , n 2 − 1. Therefore, by Mean Value Theorem, we have
where
T for i = 1, 2, 3.
From Theorem 3.1, it follows that the coupled system (1) with Neumann/periodic boundary condition is pointwise dissipative whenever c 1 , c 2 and c 3 are all non-negative. Thus, there is a positive number M 0 such that
Applying the variation of constant formula to the first equation of (16) we get
Since λ 0 ≡ max{λ ν |λ ν ∈ σ(∆)} < 0, there exists a positive number K such that
From (17) we have
Consequently,
Similarly, the vectors η(t) and ζ(t), respectively, in the second and third equations of system (16), can be estimated by
Let M be a positive number satisfying
Then from (11) it holds Neumann condition. We compute the differencesr x := max i=2,...,10 |x 1 (t) − x i (t)|,r y := max i=2,...,10 |y 1 (t) − y i (t)| andr z := max i=2,...,10 · |z 1 (t) − z i (t)| and plotr x ,r y andr z versus (a) ε = 1, c 1 = c 2 = c 3 = 10 j , j = 0, 1, . . . , 4. (b) c 1 = c 2 = c 3 = 100, ε = 10 0 , 10 −1 , . . . , 10 −4 , respectively.
From Figs. 3 and 4 we observe that (a) for fixed variation ε = 1 the asymptotic synchronization behavior can occur, provided the coupling strengths are sufficiently large and differencesr x ,r y andr z decrease whenever the coupling strengths c 1 = c 2 = c 3 are increasing. Similarly, (b) for fixed c 1 = c 2 = c 3 = 100, the differencesr x ,r y andr z decrease and tend to zero whenever the variation ε becomes small and goes to zero. 
Conclusion
In this paper, we study the dynamics of a n × n lattice of coupled nonidentical Lorenz equations with various boundary conditions. We construct a Lyapunov function to prove the globally asymptotic stability of trivial equilibrium of (1) with Dirichlet condition. Then, we prove the pointwise dissipativeness property of (1) with Neumann/ periodic boundary condition. By using this property and the induction process we prove the main result that the asymptotic synchronization can occur whenever the coupling strengths are sufficiently large.
